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JH ■ Abstract. In this paper, we investigate some properties of planar harmonic map- 

pings. First, we generahze the main results in [2] and [10], and then discuss 
the relationship between area integral means and harmonic Hardy spaces or har- 
pf-s I monic weighted Bergman spaces. At the end, coefficient estimates of mappings in 

weighted Bergman spaces are obtained. 

u 

r^ ■ 1. Introduction and preliminaries 

For each r G (0, 1], we denote by D^ the open disk {z E C : \z\ < r} and by D, 
the open unit disk Di. The harmonic Hardy space T-L^{3) with < p < oo consists 
of all complex-valued functions / harmonic in D (i.e. fzz = in D) for which 

sup (/p(r,/))'/^ < oo, I,{r,f) = ^ f^ \f{re^')\^ dO. 

0<r<l ^VT Jq 

CN ■ The classical analytic Hardy space over the unit disk D, denoted usually by Wy^/, 

cn ! is obviously contained in ^^^(D). We refer to [5, 7] for many basic analytic and 

O ' geometric properties of univalent harmonic mappings, in particular. 

In this paper, we call a complex-value harmonic function as a harmonic mapping. 

For a harmonic mapping / in D and < r < 1, the generalized harmonic area 

^^. , function Ah{r) of / is defined by (cf. [2]) 

.^: A(r) = A,(r,/)= / \Vf{z)\^dA{z 



cd 



where dA denotes the normalized Lebesgue measure on D, 

V/ = U.,h) and |V/I = (l/.r + \h?f^'- 

In particular, if / is analytic in D, then we denote the analytic area function of / 
hyA{r):=A{rJ) = j^y{z)\'dA{z). 

In [10, 16], the authors discussed the relationship between (analytic) Hardy spaces 
and area functions. The main result in [10, Theorem 1] is as follows. 
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Theorem A. Let f be analytic in D. Then, if 1 < p < 2, 

(1) / e W{B) =^ f AP/\r) dr < oo, 

Jo 

while if p > 2, 

(2) f APl^{r) dr< oo^ f e W\B). 

Jo 

We refer to [6, 8, 9, 10, 12, 13, 14, 15, 16] for results related to the theory of 
analytic Hardy spaces whereas for the harmonic Hardy spaces, the readers may 
refer to [2, 4, 11]. In the context of recent investigation and interest on harmonic 
mappings, it is natural to ask whether Theorem A continues to hold in the setting of 
planar harmonic mappings over the unit disk. In this note we show that the answer 
is yes. 

Theorem 1. Let f be harmonic in D. Then, if 1 < p <2, 

(3) feHim^ [\f{rJ)dr<oo, 

Jo 



while if p > 2, 
(4) 



/ Af{rJ)dr<oo^fenl( 
Jo 



As an application of Theorem 1, we obtain the following result. 
Theorem 2. Let f e Tilip). Ifl<p<2, then lim (1 - rf/PAh{r, f) = 0. 

r— >1 — 

Remark 1. Theorems 1 and 2 infer that the factor (1 — r) 2 in [2, Theorem 3] 
and the one (1 — r) p in [2, Theorem 4] are redundant. 

For a given real number a, we consider the weighted area measure dA'^lz) = 
{l — \z\'^)°'dA{z) on ©, where dA denotes the normalized area measure. For < r < 1 
and < p < 00, we define 

i/p 





1 


[ \f{z)^^dA:{z) 




U*^(Pr) 


a: 


.m = 


f dAliz). 



where / is harmonic in D and 



We call Mp^ci{r, /), the area integral means of / on D^- 

It is well known that the measure A* is finite on D if and only if a > —1. In the 
following, for a; > — 1, we normalize the measure dA*^ by letting 

dA^{z) = (1 + «)(1 - \z\^YdA{z). 
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For a harmonic mapping / in D, we denote 

J Br 

where a > —1. 

For a > —1 and < p < oo, the weighted Bergman space A^^(JD>) consists of all 
harmonic mappings / on D such that 

u,uh I ( [ Ifiz^dA^iz)) '<oo iipe{0,oo), 

\\f\\bP,a =<\J» J 

sup \f{z)\ < oo a p = oo. 

V 2GD 

Our next result provides the relationship between area integral means and har- 
monic Hardy spaces or harmonic weighted Bergman spaces. 

Theorem 3. Suppose 1 < p < oo, a is real, and f is harmonic in D. Then, we 
have the following: 

(a) The function Mp^a{i^, f) is strictly increasing in [0, 1) unless f is constant. 

(b) For a > —1, Mp^a{i^, /) is bounded in [0, 1) if and only if f E A^^{W). 

(c) For a < —1, Mp^a{i^, f) is bounded in [0, 1) if and only if f E T-L^lB)). 

Our final result concerns the coefficient estimate on mappings in harmonic weighted 
Bergman spaces. 

Theorem 4. For I <p < oo, let f e ^^„(D) with 

oo oo 

f{z) = '^a^z^' + '^b^ 

m= 

Then |ao| < H/HtPa, and for m > 1, 



—m 



m=0 m=l 

\h 



\bm\ < mt 



TT 0<r<l ^m h _ ^a+l/'2 _ ^^a+ll 

In particular, if a = 0, then for m > 1, 

\am\ + \bra\< hi U + ^^T ' 

TT \pm J \ 2 / 

Moreover, if a = and p = oo, then 

/p-x I I I lA I ^ ^ll./^llb°°,0 

\^0) |flm| ~r \0m\ J^ 

TT 

The estimate (5) is sharp and the only extremal functions are 

2711/11^00,0 fl + (3z"^ 



i/p 



fm{z) = ^ arg , ^ 

where |7| = |/3| = 1, and m>l. 
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2. Proofs of the main results 

We begin this section with the following two lemmas which are useful in the proof 
of Theorem 1. 

Lemma B. Let a,b E [0, oo) and p G [1, oo) . Then we have 

aP + V' <{a + b)P < 2P-\af + W). 

Lemma B is well-known (see for instance [18, Lemma 2.29 ]). 

Lemma 1. Let f he a complex-valued continuously dijferentiable function defined on 
D and f = u + iv, where u and v are real-valued functions. Then for z = x + iy ElD, 

(6) \f.{z)\ + \f^iz)\ < \Vu{x,y)\ + \Vvix,y)\, 

where Vu = {ux,Uy) and Vv = {vx,Vy). 

Proof. A direct computation gives 

1 1 

fz{z) = -{fx{z) -ify{z)) and f^{z) = -{f^{z) + ify{z)), 



fz{z) = -[u^{x,y) +Vy{x,y) + i{v:^{x,y) -Uy{x,y))] 



so that 

and 

fz{z) = -[u^{x,y) - Vy{x,y) + i{va,{x,y) + Uy{x,y))]. 

Applying the classical Cauchy-Schwarz inequality, we find that 

1/^(^)1 = ^J {uxix,y)+Vy{x,y)Y + {v^{x,y)-Uy{x,y)y 



< -i\Vuix,y)\ + \Vv{x,y)\) 



and similarly. 



\f^iz)\ = -J {u^{x,y)-Vy{x,y)Y + {v,^{x,y) + Uy{x,y)y 

< -{\Vu{x,y)\ + \Vv{x,y)\), 

from which we easily obtain (6). D 

Example 2.1. Let f{z) = z^-\-z = u{x,y)-\-iv{x,y) m3. Then u{x,y) = x^-l-x — y"^ 
and v{x,y) = 2xy — y. It is easy to see that 

|/.(0)| + |/-(0)| = 1 and |VM(0,0)| + |Vt;(0,0)| = 2. 

This observation shows that strict inequality in (6) is possible. 
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Proof of Theorem 1. We first prove the implication (3). Let 1 < p < 2 and 

f = u + iv & ^/^(D). Then u and v are real harmonic functions in D. By Lemma 
B, we deduce that u, v E 'Hj^(D). Let Fi and F2 be analytic functions defined on 
D such that ReFi = u and ReF2 = v. Riesz' theorem (cf. [6, Theorem 4.1]) shows 
that 



FkWp < 



P 



p — 1 



i/p 



\ReFk\\p for k = l,2. 



which, in particular, implies that F^ G ^/^(D) for k = 1,2. By the implication (1) 
in Theorem A, it follows that 

(7) f A';/^{r, Fk)dr < 00 for A; = 1, 2. 

Jq 

By calculations, we see that for r G (0, 1), 

(8) A(r,Fi)= / \F[{z)\^dA{z)= [ \Vu{x,y)\''dA{z) = A^Xr,u) 
and similarly, 

(9) A,(r,F2)= / \F!,{z)\''dA{z)= [ \Vv{x,y)\^dA{z) = A^,{r,v). 

The inequalities (7), (8), (9) and Lemmas B and 1 yield that 



lP/2 



A'nr,f)dr 



1 r 



< 



< 



< 



2p-l 

< 2^- 



{\Mz)\' + \Mz)\')dA{z) 
{\Mz)\ + \Mz)\YdA{z) 



p/2 



dr 



p/2 



dr 



{\Vu{x,y)\ + \Vv{x,y)\Y dA{z) 



np/2 



2{\Vu{x,y)\' + \Vv{x,y)\')dA{z) 

p/2 



dr 

p/2 



dr 



+ 



|V u{x,y)\^dA{z] 



\Vv{x,y)\'dA{z] 



p/2 



dr 



2p-l 

2^- 



AUr,F,) + AUr,F2 



dr 



< 00 



which proves the implication (3). 

We next prove the implication (4). Let p > 2 and / be harmonic in D. Then / 
admits the canonical decomposition f = (p + ip, where and ip are analytic in D 
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with ipiO) = 0. Then 

f {\<P'{z)\' + \^P\z)\')dA{z)=A,{r,f), 
which imphes 



1 P /•! p 



(10) / Al{r,(f)) dr < oo and / A^ {r, ip) dr < oo. 

Jo Jo 

By the imphcation (2) in Theorem A and (10), we conclude that 0, V" ^ 'H^(©). But 

then by the Minkowski inequahty, we deduce that 

{lp{rJ)Y^' < (^^ J^'\\<P{re^')\ + mre^W de^ 

< (/,(r,0))^/^+(/,(r,^))^/^ 
which yields that ||/||p < oo. D 

Proof of Theorem 2. It is not difficult to see that 

il-r)AfirJ)<j\fipJ)dp, i.e. (l-r)2/M,(r, /) < (^£ Af (p, /) rfp) '. 

By the implication (3) in Theorem 1, we conclude 



lP/2 



Al'\rJ)dr<oo 







from which we obtain that lim (1 — rY'^Ah(r, /) = 0. D 

Lemma 2. Suppose that f is harmonic on D and is constant in an open neighborhood 
of the origin. Then f is constant throughout the unit disk D. 

Proof. As every harmonic function / in D admits the representation 

oo oo 

f{z) = ao + Y^ Onz" + ^Kz"", 

n=l n=l 

we may assume that f{z) = oq in D^, for some r G (0, 1). But then the Parseval 
relation, for < p < r, gives 

'•271 °° 



|aoP 



1 r ^ 

- / \f{pe^')\'de = |aor + $^(|a„P + K\')p'\ 

^^ Jo n=l 

which obviously implies a„ = 6„ = for all n > 1. Thus, f{z) = oq for z G D. D 

Green's theorem (cf. [2, 4, 17]) states that ii g E C^(D), i.e., twice continuously 
differentiable on ©, then 

(11) ^ f\^re'S)de = giO) + l- [ Agiz)\og^ dAiz), r G (0, 1). 
^TT Jo 2 Jo^ \z\ 

Lemma 3. Let f be harmonic in D. Then, forp > 1, Ip{r, f) is a strictly increasing 
function of r on (0,1) unless f is constant. 
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Proof. By (11), we have 



P 



A{\f{z)\^)dA{z) 



> 



+ \fiz)r'\Vfiz)\'\dAiz) 



{\Mz)\ + \Mz)\y\f{z)r'dA{z) 



> 0, 



which imphes Ip{r,f) is increasing on r in (0,1). Moreover, the last inequahty 
imphes that ■^Ip{r, /) = if and only if / is constant in Dj.. But then, in this case. 
Lemma 2 shows that / is constant on D. 

Proof of Theorem 3. We first prove (a). Since 



D 



\fiz)\'dA:{z) 



2p(l-p^)%(p,/)dp, 



^1 \f{z)\PdA:{z)=2r{l-r'rip{rJ). 



2\a 



(12) 

we see that 
(13) 

Simple calculations gives 

(14) 

By (12), (14) and Lemma 3, we have 

«n/)-AC(r,/) = -^ 
which implies 
(15) [ \f{zWdA:{z)<A:{Br)Ip{r,f). 



^Ali^r) = 2r{l - r 



dt 



IpitJ) 



Ali]D)t)dt > 



By Lemma 3, we know that the equality holds in (15) for some r only when / is 
constant. By (13), (15) and computations, we conclude that 



d 
dr 



—MP (r\ f) 



KmiL^ \f{^)\'dAUz) - 4^ \f{z)\PdAUz)iAl^ 



A*2(D,) 



2r(l — r 



2\a 



Al{Br)Ip{r,f)-L\f{z)\PdAl{z) 



A*JiBr) 



> 0. 



Hence, the function Mp^a{i^, /) is strictly increasing on r G [0, 1) unless / is constant. 
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Next we prove (b). We assume that a > — 1 and Mp^a{i^, f) is bounded. Then by 
(a), we have 



(16) hm 



r— >1- 



A, 



\f{z)\PdA^{z) 



\f{z)\^dA^{z) 



which imphes f E A^^ aC^)- ^^ ^^^ other hand, if / G A^^(]D>), then the boundedness 
of Mp^a{i^, f) follows from (16). 

In order to prove (c), we need some additional care. 

Claim 1. Suppose that a < —1, 1 < p < oo, and that f is harmonic in D. Then 



\fiz)\PdAUz)= sup / \fizWdAUz)\ <oo ^^ f^O 

re(0,l) iJDr J 

Proof. Fix p G (0, 1) so that p < r < 1. Then (a) yields that 

L \f{z)\PdA*^{z) 

It is not a difficult task to see that A* (D^) — )> oo and 

\f{z)\PdA:{z) ^ [ \f{z)\PdAUz) asr^l-, 

Jo 

which gives Mp^a{p, /) = for each p G (0, 1). Therefore, / = and the proof of 
the claim is finished. D 

Finally, we prove (c). We assume that «<— l,l<p<oo and / is not identically 
zero. Then A* (D^.) — > oo as r — > 1— and so Claim 1 implies 



hm / \fiz)\PdA:iz)= / \fiz)\PdA:iz) = oo. 

By (a) and calculations, we get 

sup M^JrJ) = WmM^^irJ) 

0<r<l '•^1- 

j„jf{z)ni-\z\'rdA{z) 

r- f^^ii - \z\^rdA{z) 



lim 



lim 

r-i-i- 2r(l — r 

lim Ip{r,f) - ll^lIP 



2\a 



r~¥l 



P 



and the proof of the theorem is complete. D 

Proof of Theorem 4. It is not difficult to show that for p G [l,oo), |/|^ is sub- 
harmonic in D. Then for z G D and r G [0, 1 — \z\), we have 

\f{z)\P<^l^\f{re^' + z)\Pde. 
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Integration gives 



TX 



^0 



< / \Az)rdA^{z) = {WfCJ 



which imphes 

(17) 



l/WI < 



h 
bP,a 



For C G © and r G (0, 1), let F(C) = f{rC)/r. Then 



^(0 = 7 + ^^^^^ + ^^"^^ 

m=l m=l 

where Am = ttmr"^^^ and B^ = bmr"^^^. Hence for C ^ ID; 



|i^(C)l < 



h 
bP,a 



TT. = ^W- 



^^1 _-r"+i(2 -r)"+i]" 
By (17), we see that |ao| < WfWbp a- ^^ follows from [1, Lemma 1] that for m > 1, 

4M(r) 



K^m, ~r -Drrt ^ 



vr 



which yields 



I ^m I ~r I ^m | _ 



4||/ll^.. . 



inf 



TT 0<r<l m 



[l-r"+i(2-r)°+i] 



i/p 



If q; = 0, then 

I M lA I ^ 4||/||t,o . „ 

Om + \bm\ < mf 

n 0<r<l 

Since 



'1 _ rV/p 



M\f\t,o ( 2 ^ \"-/ ^ pmxf 
7r \pm / V 2 / 



hm — + 1 l + £_j'' = l, 



we conclude that 
(18) 



I (^m I ~r I Offi I 2i 



411/11^,0 



TT 



Thus, for p = oo, the estimate (18) is sharp. By the subordination in the proof of 
[3, Theorem 1], we know that the only extreme functions are 



, , , 27im^ / 1 + Pz^' 

Jm[z) = Z 1"^ 1 log ■ 



TT 



whose values are confined to ©nfnh 

I J 11600,0 



1- f3z''- 



(l7l = |/3| = l), 



{^:kl<ll/ll^o.,o}. 



D 
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